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^ ■ Abstract 

It is known that the covariant graviton two-point function in de Sitter spacetime is infrared 

divergent for some choices of gauge parameters. On the other hand it is also known that there are 

no infrared divergences requiring an infrared cutoff for the physical graviton two-point function 

q'I for this spacetime in the transverse-traceless-synchronous gauge in the global coordinate system. 

We show in this paper that the covariant graviton Wightman two-point function with two gauge 

parameters is equivalent to the physical one in the global coordinate system in the sense that they 

produce the same two-point function of any local gauge-invariant tensor linear in the graviton 

^ \ field such as the linearized Weyl tensor. This confirms the fact, pointed out decades ago, that the 

K*" \ infrared divergences of the graviton two-point function in the covariant gauge for some choices of 

^^ ' gauge parameters are gauge artifact in the sense that they do not contribute to the Wightman 

C^ ■ two-point function of any local gauge-invariant tensor field in linearized theory. 
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I. INTRODUCTION 

Infrared (IR) divergences of graviton two-point functions have been a matter of contention 
for over two decades. There are two separate issues that are sometimes mistakenly thought 
to be related. One issue is the IR divergences of the physical graviton two-point function in 
the transverse-traceless-synchronous gauge in conformally-flat coordinates [l|-l3|. The other 
is the IR divergences of the covariant gauge for some choices of gauge parameters j^, |5| . (The 
covariant two-point function studied recently by Miao, Tsamis and Woodard |6| corresponds 
to an IR- finite choice of gauge parameters for the covariant two-point function in Ref. |7|, 
as we will see later, for 3-1-1 dimensions. Therefore, it is rather puzzling that their two- 
point function is claimed not to be de Sitter invariant.) There is also the issue of large- 
distance growth of the two-point function, which will not be discussed in this paper. Since 
linearized gravity has gauge invariance, it is important to determine whether or not these 
IR divergences are gauge artifacts. One of the reasons why the research community has not 
reached a consensus about this question seems to be that, when it is asserted that some IR 
divergences are a gauge artifact, their precise definition is not made sufficiently clear. 

The main purpose of this paper is to clarify in what sense the IR divergences of the 
graviton Wightman two-point function in the covariant gauge for some choices of gauge 
parameters are a gauge artifact. (Below, by a two-point function we mean a Wightman 
two-point function unless otherwise stated.) This is in fact an old result of Allen [8|. We 
add to this result by showing that the covariant graviton two-point function with any choice 
of gauge parameters is physically equivalent to the physical one in the transverse-traceless- 
synchronous gauge in global coordinates |9|], which suffers no IR divergences. This will 
also imply that the two-point function of any local gauge-invariant tensor field linear in 
the graviton field evaluated in the covariant gauge is independent of gauge parameters as 
expected. We emphasize that this paper has nothing to say about interacting theory. 

In linearized gravity the two-point function of the graviton field hab{x) has no physical 
meaning by itself because this theory has gauge invariance under the gauge transformation, 

6hab{x) = VaAbix) + VbAaix), (1.1) 

where Aa{x) is any vector field. Here, the covariant derivative is the one compatible with 
the background de Sitter metric, Qabix)- One can find tensor fields at x that are linear in 
hab and are invariant under this gauge transformation. An example of such a tensor field is 
the linearized Weyl tensor Wabcd{x) = W[ab]icd\{x) , where 

Wabcdix) = VcVbhadix) + H^ gad{x)h,b{x). (1.2) 



Here, the constant H is the Hubble constant of de Sitter spacetime. (See Ref. [lOj for 
conditions for a local tensor field to be gauge invariant.) The two-point function of Wabcdix) 
evaluated in the covariant gauge can be found in Ref. jll|. 

Now, suppose that a graviton two-point function /S.aba'b'{.x,x') = {0\hab{x)ha'b'{x')\0) can 
be written as 

Aaba'b'{x,x') = Aaba'b'{x,x') + V (^aQb)a'b'{x, x') + V (^a'Q\ab\b'){x, x') , (1.3) 



for some Qaa'b'{,x,x') and Qaba'{,XjX'). (In this paper we use the convention of Ref. [ji 
that primed indices are associated with point x' and unprimed indices with point x.) Then 
the two-point function of a local gauge-invariant tensor field linear in hab will be the same 



whether one uses Aaba'b'{x, x') or A.aba'b'{x, x') as the graviton two-point function. This moti- 
vates_the following definition: we say that the two graviton two-point functions, Aaba'b'{x, x') 
and Kaba'b'{,x^x'), are physically equivalent in linearized gravity if Eq. (11 .Sp is satisfied for 
some Qaa'b'{x,x') and Qaba'{x,x'), which are not required to be bounded. 

A more precise formulation of the graviton two-point function would correspond to defin- 
ing it in the smeared form as 



D{f^'\f^'^) = / rf^xv/=^ / d'x'./^^)f^'^'^\x)f^'y''ix')Aaba'b'ix,x'), (1.4) 



where /^^^"•''(x) and f^'^'>°''^' {x') are smooth, compactly-supported and divergence-free sym- 
metric tensor fields in de Sitter spacetime. Thus, the two-point function D would be defined 
as a functional on the space of pairs of smooth, compactly-supported and divergence-free 
symmetric tensor fields. In such a definition, the functions A.aba'b'{,x,x') and Aaba'b'{,x,x') 
satisfying Eq. (II. 3p can be regarded as two representatives of the same two-point function 
D. [It can be shown that there are 'sufficiently many' smooth, compactly-supported and 
divergence-free symmetric tensor fields for characterizing the gauge-invariant content of the 
graviton two-point function as in Eq. (II. 4p .] 

Now suppose that a graviton two-point function Aabavi^i^') has an IR cutoff e and 
that it is divergent in the limit e — )■ 0. If it is physically equivalent in linearized gravity 
to A.aba'b'{x,x') that is not IR divergent, then the two-point function of a local gauge- 
invariant tensor field will not depend on e, i.e. will not be IR divergent. What we show 
in this paper is that the covariant graviton two-point function for any choice of gauge 
parameters is physically equivalent in linearized gravity to the graviton two-point function 
in the transverse-traceless-synchronous gauge in global coordinates, which is IR finite |9|. 
This will imply that the IR divergences of the covariant two-point function for a certain gauge 
choice can be said to be a gauge artifact in linearized gravity in the sense that the divergences 
will not manifest themselves in the two-point function of any local gauge- invariant tensor 
field linear in the graviton field, confirming and clarifying the claim in Ref. p]. 

The rest of the paper is organized as follows. In Sec. [TTl we summarize some properties 
of the solutions to the free field equations that we will need later for scalar, vector and 
symmetric tensor fields in de Sitter spacetime. We leave the explicit expressions of these 
solutions to Appendix \^ In Sec. IIIII we review the physical two-point function in the 
transverse-traceless-synchronous gauge in global coordinates. In Sec. llVl we find all solutions 
to the field equation in the covariant gauge with two parameters. In Sec. |V]we describe the 
quantization of linearized gravity in the covariant gauge in de Sitter spacetime. Then we 
construct the covariant two-point function using the mode-sum method and show that it is 
equivalent to the physical two-point function of Ref. [9|. In Sec. IVII we summarize the results 
in this paper. Appendix [B] contains a technical result used in Sec. |Vl In Appendix [C] we 
explicitly show that the covariant two-point function constructed in this paper is the same 
as that obtained in the Euclidean approach [7(] for spacelike-separated points. We use the 
metric signature — h -f-|- and \et h = c= 1 and take the metric of de Sitter spacetime to be 



ds^ = -dr + cosh^ tdVt\ (1.5) 

where dVt^ is the line element on the unit 3-sphere (S"^), throughout this paper. Thus, we 
choose units such that the Hubble constant is 1. A point x in this spacetime has coordinates 
(t, x), where x is a point on S'^. 



II. SOLUTIONS TO FREE FIELD EQUATIONS 

In this section we summarize some known properties of the solutions to the free-field 
equations for spin 0, 1 and 2 of arbitrary mass in de Sitter spacetime following Ref. 13 . 
We present the explicit solutions in Appendix |A1 First we recall that the scalar, transverse 
vector and transverse-traceless tensor spherical harmonics on S^, which we denote by y(o^°"), 
Y^ '^ , and Y-- '^ , are orthonormal eigenf unctions of the Laplace-Beltrami operator V^ on 
S^ satisfying 

- VV(°^") = i{i + 2)y(°^"), £ = 0, 1, 2, ... , (2.1) 

_y2y,(iM ^ j^^^ + 2) - 1] k/''"\ £ = 1, 2, 3, ... , (2.2) 

-V^F.f ") = [i(£ + 2) - 2] F,f "\ £ = 2, 3, 4, ... , (2.3) 



where a represents all labels other than £ (see, e.g. Refs. [ij, ll 
Let us start with the solutions to the scalar field equation, 

{-a + fi^) (j) = 0. (2.4) 

(The solutions we present here are valid for /i^ > and for most negative values of /i^.) We 
can choose the solutions to be proportional to y(o^°"). We denote the 'positive-frequency' 
solutions that determine the Bunch-Davies (or Euclidean) vacuum 16|, [l7| proportional to 
Yio£a-) ^y 0(/i M)(^jr^^ (We mean by 'positive- frequency' solutions the coefficient functions of 
annihilation operators when the field is quantized.) They are 

0(M^M(a;) oc (cosht)-ip^f++'^(zsinht)r(°^'^)(x), (2.5) 



with Lo = ^1 + y 4 ~ A*^; where Plq+i (z) are the Legendre functions of the first kind given 
in terms of Gauss's hypergeometric function as 

P^S''(.) - i^ (^) ""'" F (-L„ - 1. i. + 2; . + 2; i^) . (2.6) 



These solutions and their complex conjugates, 0^^ '^"'\ form a complete set of solutions to 
Eq. dMD- 

We define the Klein-Gordon inner product for two solutions (p^^^ and (p^'^^ to Eq. 02.41) as 
follows: 

(0(1), 0(2))^^ = ^ / rfS, [00) V>(2) _ (V'^0a))0(2)l , (2.7) 



where dJ^a = dUna with n" being the future pointing unit normal vector to the Cauchy 
surface S. We normalize the solutions 0^^ '^°'-' by requiring 

(0(M^;M^0{/^^;^V)^^^^^«'^.<x'_ (2.8) 

The orthogonality follows from that of the spherical harmonics yC^^'^) on S^. We also note 
that 0(^ '^'^^ are orthogonal to 0(/^^'^''^') with respect to the Klein-Gordon inner product. 
We write the field equation for a transverse vector field Aa satisfying VqA" = as 

(-D + 3 + /i") A, = 0. (2.9) 
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The gauge invariant equation, V''(Va^6— VtAa) = 0, is equivalent to {—D+3) Aa = 0, i.e. the 
/i = case of Eq. (12. 9p . This can readily be seen by recalling that Rabcd = Qacgbd — QadQbc- We 
will be particularly interested in the case iJ? = —6, which is equivalent to V'' (V aAb+V bAa) = 
0. 

There are two classes of solutions to Eq. fl2.9p . We introduce a label m to distinguish 

between these classes. The 'positive- frequency' solutions will be denoted Aa '*" " ■ Those 
with m = have the time component given by 

4''''°'"^ oc (cosht)-2p^f++/)(^sinht)F(°^'^)(x), £ > 1, (2.10) 

where 

Li = -l + yf^- (2.11) 

The space components, Al^ ' "\ are obtained by postulating A^" ' = f(,{t)ViY^^^'^\ where 
Vj is the covariant derivative on 5*^, and solving the equation V^Aa = for fe(t). (This 
equation cannot be solved for i = 0. Hence there are no solutions with i = 0.) The solutions 

with m = 1 have Aq ' '^ = and 

^(mMM ^ p-(^^+i)(,sinht)y/^'^)(x), i > 1. (2.12) 

We define the Klein-Gordon inner product for two transverse solutions Aa and Aa to 
Eq. ([21]) as 

{A^^\ A(2))kg = 1 [ d^a [iW^V^Af - (V"I(^)Af ^1 . (2.13) 

Any two solutions with different sets of quantum numbers m, i and a are orthogonal to each 
other with respect to this inner product. For /x^ < the 'positive-frequency' solutions with 
m = have negative norm with respect to this inner product whereas the m = 1 solutions 
have positive norm. We normalize these solutions for ^ > 2 by requiring 

The solutions Aa '™' ~ '"^ become Killing vectors in the limit /x^ — ?■ —6. This implies that 
the Klein-Gordon inner product vanishes for these solutions because if ^^^'°' and ^'•^^^ are 
Killing vectors, then 

/ t/s,(e(^)''v"ef - e^'^'v^e^^) = / rfs,Vb(e(i)'^e^'^' - e^^^^e^'^'^) 

= (2.15) 

by the generalized Stokes theorem, which states that for any anti-symmetric tensor F"^ 

dLaVbF''^ = 0. (2.16) 

For this reason we normalize the i = 1 solutions as 

(^^{^.^■,m,e=l,a)^^i^^^■,m',e=l,a')^^^^ ^ (_1)-+1(^2 ^ Q^^^mm' ^aa' _ ^2.17) 



We write the field equation for a transverse-traceless tensor field Hat satisfying V^Hab = 
and H'^a = as 

{-n + 2 + M^)Hab = 0. (2.18) 

The M = case corresponds to linearized gravity. There are three classes of solutions dis- 
tinguished by the label m = 0, 1, 2. We write the 'positive-frequency' solutions as H^^^ '"^ '^' . 
Those with m = have 

ifif "°''^) oc (cosht)-3p-(m)(^gj^j^^)^(0M(x), £ > 2, (2.19) 

where 

L2 = -l + \j\ - M2. (2.20) 

The other components are obtained by postulating that H^i = fi(t)'ViY^'^^'^\ Hij = 
g\ (t)VjVjy*-°^'^'' + g\ {t)fiijY^'^^'^\ where fiij is the metric on S^, and solving the equa- 
tions V^Hab = and H^-a = for the functions /^(t), g\ (t) and g^^ (t). This is not possible if 

£ = or 1 in Eq. (I2.19p . The 'positive- frequency' solutions with m = 1 have Hqq ' '^ — 
and 

i^if ^"'^) oc (cosht)-ip-f;^,^)(^sinht)F/^''^)(x), i > 2. (2.21) 

Then we postulate that Hij = fi{t)V{.iY\ " and solve V^Hab = for fi{t). This is not 
possible if £ = 1 in Eq. fl2.2ip . Finally, the 'positive- frequency' solutions with m = 2 have 
H^,f'''^^ = H^''^''^^ = and 

Hlf-'"'''^ oc coshtP^(tY^(^sinht)F,f ^)(x), i > 2. (2.22) 

We define the Klein-Gordon inner product for two transverse-traceless solutions iJ^^ and 
^i? to Eq. fl2:T8|) as 

{H^'\H^^%g = t f dJla [h^^'V^hII^ - {V''W^')hII^] . (2.23) 

We can normalize the m = 2 solutions as 

^^(Af^;2M^ ^(Af^;2£V')^^^ ^ 2S^^'S^^'. (2.24) 

The factor of 2 here is for later convenience. For M = 0, i.e. for linearized gravity, Eq. fl2.18p 
is satisfied by Hab = V(av4^r '"^ ''' . Indeed one finds, using the associated Legendre equation 
flA17p and the lowering and raising differential operators, Eqs. flAlSP and flAlQp . 



^^0;m£.) ^ V^^(-6;-^-) ^ ^ ^^{~6;mia) ^ m = 0, 1, £ > 2, (2.25) 

after choosing a phase factor for -f^^^'™" '^ appropriately [l8j. Now, if if^^ is any solution to 
Eq. (Km with M2 = and if H^^ = V(av4g^ with (0-^3)^1^^ = so that H^^^ is a solution 
to Eq. (12181) . then we find 

is L 

= (2.26) 



by the generalized Stokes theorem. Thus, 

^^(0;mM^^(0;m7V)^j^^ = 0, m,m' = 0, 1. (2.27) 



It is also known that the solutions iJ^^ ' '^ have negative norm if < M^ < 2 |l9l . |2C 
whereas the solutions H'^^^ '^^'^^ have positive norm if M^ > 0. For these reasons, and since 
we will be interested in the M — )■ limit, we normalize the solutions with m = 0, 1 as 

III. PHYSICAL GRAVITON TWO-POINT FUNCTION 

The Lagrangian for free gravitons in de Sitter spacetime can be written as 

•^inv V 9 



^Vah'^'V'h, - ^Vahc'^^h"' + ^ (V^/l - 2V'h\) Wah 



with h = h°'a- The corresponding field equation is 



(3.1) 



+gabah - gabVcVdh""^] + hab + -9abh = 0. (3.2) 

It is well known that the gauge degrees of freedom can be used to impose the conditions 
V''hab = and /i = (see, e.g. Ref. [l^). Then Eq. (Q becomes 

(D - 2)hab = 0. (3.3) 



This equation is Eq. (I2.18P with M = 0. Thus, its solutions are given by Eqs. (JASP - IJAISP 
with M = 0. 

We have seen that the solutions H^f,'"^ ■, m = 0, 1, are gauge solutions [see Eq. (I2.25P . 
Hence only the solutions i/^^' '^ represent physical excitations. Retaining only these solu- 
tions corresponds to the synchronous transverse-traceless gauge, /loa = 0, Vjh^i = and 
h^i = 0. Quantization of the field hab in this gauge, which we sometimes call the physical 
gauge, proceeds as follows. First we find the canonical conjugate momentum current p"''"^ as 



P 



abc _ 1 9C 



-g dWah 



be 



= —Vh'"', (3.4) 

where we have used the conditions V^hab = and /i"a = 0. We note that the field equation 
(13. 2 p can be given as 

V.p'^'"=--L^ = 0. (3.5) 



We define the symplectic product between two solutions /i^^ and h]^^' to this equation as 
follows: 



{h^'\h^'Xmp = -I / rfS,(/i[;V^')"'^ - P^^^^^'hf}), (3.6) 



where p(^)'^^^ is obtained by substituting hab = h^^ into Eq. (13 .4^ and similarly for ^9(2)"^=. 
This product is independent of the Cauchy surface E thanks to Eqs. (13 ■4p and (13.51) . Then 
we find 



= 6''' 6""'. (3.7) 

We expand the quantum field hab in the synchronous transverse-traceless gauge as 



K.{x) = Y^Y: h^ir"^(-) + al^r^ • (3.8) 



=2 cr 



We then impose the commutation relations [a^o-, o-l/o-'] = ^w^au' with all other commutators 
vanishing. We define the Bunch-Davies vacuum state |0) by requiring that a^crjO) = for all 
I and 0". Then the Wightman two-point function is readily found as 



EE«ir'"'(-)i?i?f "'(-'). (3.9) 



=2 o- 



This two-point function vanishes if any of the indices is '0'. The space components can be 
found, using Eq. (IA9I) with M = 0, as 



AjPj}f^(x,x') = ^(£- l)!(^ + 2)!coshtcosht'P7(^+')(zsinht)P7(^+'^(isinht') 



(.=2 
X 



E^r(-)^'?"'(-'), (3.10) 

where x = (t, x) and x' = (t',x'). This series can be summed in a closed form. The 
result of this summation can be found in Ref. |9|, in which it was shown that there are no 
IR divergences for this two-point function in the sense that it is well defined without any 
infrared cutoff. 

IV. SOLUTIONS TO THE FIELD EQUATION IN THE COVARIANT GAUGE 

If we add a covariant gauge-fixing term in the Lagrangian, there will be solutions to the 
graviton field equations in addition to those given by ( ]A8l) -( lAT5l) with M = 0. In this section 



we describe all solutions including these additional solutions to the graviton field equation 
in the covariant gauge. These solutions will be used in the next section to find the two-point 
function. 



The Lagrangian in the covariant gauge is 
where C\rw is given by Eq. (13. ip and where 



2a 



Vah'^" - 



- '^^V\ 



/3 



V'K, - ^V,/i 



(4.1) 



(4.2) 



We require that a > for now. We also assume /3 > 0, but most of our resuhs will be 
valid also for most negative values of /3. The Euler-Lagrange field equation derived from 

■'-inv ~r /-gf IS 

0, 






(4.3) 



where L^^^''^ is defined by Eq. (13. 2p and where 



r(gf)cd7 



1 

2a 

1 + /3 
a/3 



V, ( V,h^ - KA'^bh] + V, (v,h\ - ^^Vah 



gabVd Vch"" - 



/3 



cd i + z^v-^/i 



/3 



/3 



Let us first find the solutions of the form 



,(5) 



Kb = ^aVbB + Qab"^. 

By substituting this expression into Eq. (14.31) we find 

Va^bX + QabY = 0, 



where 



X = \[{U- 3f3)B + (4 - a/3 + 3/3)^] 
ap 



1^ = -^0(0-3/3)5 + 
ap^ 



'^ 4(l + /3)^ ^ 1 + /3' 



a/32 



a/3 



n^ + 3^. 



(4.4) 

(4.5) 
(4.6) 

(4.7) 
(4.8) 



This calculation is simplified by noting that VaVt,-B does not contribute to Lab '^'^h\.J due 
to gauge invariance. Eq. (14. 6 p is obviously satisfied if X = y = 0. These equations can be 
simplified by solving the equation X = for (D — 3/3)_B and substituting the result into the 
equation F = 0. Thus, the equations X = F = can readily be shown to be equivalent to 



(D - 3/3)5 + [4 - (a - 3)/3] ^ = 0, 
(n-3/3)* = 0. 



(4.9) 
(4.10) 



The following solutions and their complex conjugates form a complete set of solutions to 
Eqs. <^Ej and fliTTOD : 



5(51;M ^ 0(3/3;M^ 
^(S1;M = 



(4.11) 

(4.12) 



and 

(4.13) 



BiS2M) = _ [4 _ (^ _ 3)^] i_0(M^;M 



m2=3/3 

^(52;M = 0(3/3;M^ (4,14) 

where d/d^'^ denotes the first derivative with respect to /i^ (rather than the second derivative 
with respect to n). Eq. (14. 9p can be verified for the solutions (^B'^^'^'^'^\ v|/('S'2;^o')) i^y noting 



— (-n + /x2)0(^^^M 



dfi 



(4.15) 



Note that the mass of these modes are /3-dependent [T], |8|. In particular, if /3 < 0, then 
they are tachyonic because their mass squared is /i^ = 3/3 < 0. Unfortunately, the familiar 
de Bonder gauge condition, V^/iafe — |Va/i = 0, corresponds to_ /i^ = 3/3 = —6 (and a — >■ 0). 



Thus, these modes are tachyonic for the de Bonder gauge p, 121|. The gauge chosen by 
Antoniadis and Mottola [5i], V^hab — j^ ah = 0, corresponds to 3(3 = —4 < 0. This choice 
has an additional problem: the scalar field theory suffers IR divergences if /i^ = —k{k + 3) 
for fc = 0, 1, 2, . . . [8]. [This fact can readily be seen from Eq. (lC7p .] This is the cause of the 
IR divergences in the Antoniadis-Mottola gauge. These problems can easily be avoided by 
requiring /3 > 0. 

Let us write the solutions to Eq. (14. 3 p corresponding to Eqs. (14. lip - (14. 141) as 

^ir^ = VaVbB'^''-'''^\ (4.16) 

ST^ = V^VbB^''-'"^^ + ^.,vi/(^2;M. (4.17) 

('~r'\ ( Q\ 

We show next that any solution hab to Eqs. (14. 3 p can be decomposed as hab = h\^ + /i^f, , 
where h\^^ is a linear combination of the solutions 5^^' "\ A = 1,2, and their complex 
conjugates and where V'^V^'/ilj^ = and g'^^h^i, = 0. For this purpose it is sufficient to show 
that for any given solution hab to Eq. (14.30 one can construct scalar fields B and \E' satisfying 
Eqs. dM]) and fHlOj) such that the field /i^f = VaVbB + Qab^ satisfies Vhab = V'/iif and 
g"'^hab = g°'^ha^ ■ To do so, for any solution hab to Eq. (14.30 we define 



Then by taking the divergence of Eq. (14. 3 p twice we find 

(D - 3/3) <l>(/i) = 0. (4.19) 

This calculation is made easier by noting that the tensor field Lab ''^'^hcd is divergence- 
free (the background Bianchi identity). Next, by taking the trace of Eq. (14. 3 p and using 
Eq. (I419|) we find 

(n-3/3)/i + [4-(a-3)/3]$(/i) = 0. (4.20) 

Now, we define 

hl^J = VaVbB{h)+gab^{h), (4.21) 
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where 

B{h) = ^(^h-^Hh)y (4.22) 

^{h) = ^<!>{h). (4.23) 

Then, one can readily see that Eqs. f HlQjl and ( OOj) imply Eqs. (gj]) and fHTTOD . Thus, 
/i^^ is a solution to Eq. (14. 3p . Moreover, we find 

g^'hfj = nB{h)+A^{h) 

= h (4.24) 

and 

^"^'h^ab - ^^"'n^i? = v,v,/i°'' - ^n/^, (4.25) 

and, hence, 

V^V'/ii? = V'^V''/i,b. (4.26) 

('T'\ ( ^^ L (T'') 

Thus, any hat satisfying Eq. (14. 3 p can be written as hab = h^^ + h^i, , where V"V /i)j^ = 
and ^'^^/liP = 0. 

Our next task is to construct all solutions to Eq. (14. 3 p satisfying V"V''/i)j^ = and 



gabj^g) ^ Q gq_ g2]) becomes 



= 0. (4.27) 



AT) 
''ab 



(T) 

We show that a complete set of solutions h^^^ is given by 



^(i;-M = ^(0;mM^ m = 0,l,2, £ > 2, (4.28) 



2« 7^V(.Ai) 



•9 jj{M^;mea) 



M2=0 



m = 0,l, ^> 1, 

(4.29) 



and their complex conjugates, with the identification 

^2 = ctM^ - 6. (4.30) 

We have defined H^^^ '"^' ~ '"^ = in the second equation. The second equality in Eq. (I4.29P 
follows from Eq. (I2.25p . which is valid also for i = 1. 

One can readily see that /i^j, = -E^fe'*" " ^^"^ their complex conjugates give a complete set 
of solutions to Eq. (I4.27P under a stronger condition V^h\f^ = 0. The tensor fields E^^^'"^ " 
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and their complex conjugates are also solutions (under the original condition V"V^/i|j^ = 0) 
because both h^^^ = V(aA|^f '*" '^ and H^f^ '*" '^ are solutions to the massive equation |22| 

lT''€'' + \M\hT' - 9a,hr^^) = 0. (4.31) 

Then what is left to do is show that for any solution /i^^ of Eq. (I4.27P we can find a linear 
combination /i^^ of E^^^'"^ '^' and their complex conjugates such that Ca{h'-^^) = V'/i^^ = 
^^hai, . This can be done as follows. By taking the divergence of Eq. (I4.27p we find 

(n + 3)a(/i(^)) = 0. (4.32) 

A complete set of solutions to this equation is given by Ca = Aa '"^ '^ , m = 0, 1, £ > 1, and 
their complex conjugates. Now, since 

V" (V„4'^''"'"^ + VbAf'^^'^A = aM^Af'""'"^ (4.33) 

and that H^f^ '"^ '^' are divergence- free, we find 

^6^(2;™M_^^(-6;mM. (4.34) 

Hence, if C„(/i(^)) = V^/^iP = ^1-'''"''^^ then we have V^h^^^ = Ca{h^^^) by setting h^^^ = 
a~^E^^^ ^ . It is clear that a similar construction works if h\^^ is any linear combination of 

Aa '"^ '^ and their complex conjugates. 

Thus, we have constructed a complete set of solutions to Eq. (14. 3p . and these solutions 
are given by Eqs. (14.160 . (I4.17p . (14.280 and (I4.29p . and their complex conjugates. 

V. THE TWO-POINT FUNCTION IN THE COVARIANT GAUGE 

In this section we compute the Wightman two-point function for the quantized linearized- 
gravity field hab and show that it is physically equivalent to the physical two-point function 
of Ref. [91] in linearized gravity. 

We define the momentum current conjugate to the field hab by 

abc _ 1 dC 



P 



V^d{Vahbc) 
P:t+P.t, (5.1) 



where 



-- {g^^Vh + g'^'V^h) + -g^^Vh, (5.2) 

jibc ^ab I v? l^dc ' 1^ \-7C-l \ ^ac / V7 I,d6 ^ ' P y 



pT - -YJ- {^^h- - -^V^hJ - -g- ^V.h- - -^V^h 

^ + ^ -^^ (Vdh"'' - ^ V^/i^ . (5.3) 



a/3 " V P 
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Then the Euler-Lagrange equation (14. 3 p can be written as 

1 dC 



VaP' 



abc 



0. 



(5.4) 



The equal-time commutation relations on a t = const Cauchy surface are then given by 

[hab{t,x),hUt,^')] = [p°"'(t,x),/^^(t,x')] =0, (5.5) 

[K,{t,^),p'^'{t,^')] = ^^^^l^{S:6t + 6'A)6{^,^'), (5.6) 

where (5(x, x') is defined by 



/ d3x/(x)5(x,x') = /(x') 



(5.7) 



Here, the d^x is the coordinate volume element. That is, if 6*1, 62 and 63 are the coordinates 
on S^, then (i^x = d9idd2d6^. 

For any two solutions h\^^ and h\^^ to the Euler-Lagrange equation (14. 3 p we define the 
symplectic product by 



(/i«,/i(2)) 



symp 



i / dE, (/l[jV2)a6c_p(i)„be/^ 



(2)^ 
be I ' 



where 



P 



(l)abc — 



dC 



diyah 



be 



hab-h^f, 



(5.8) 



(5.9) 



on a Cauchy surface S, and similarly for pC^)^^^, This symplectic product is independent 
of the Cauchy surface S because the current hUp^"^^""^^ — p^^'>°-'"^hlJ is conserved |23l. |24| . If 



/i)j^ and h^i^ are transverse-traceless 'positive-frequency' solutions from Sec. IIIIl then this 
symplectic product agrees with Eq. (13. 6p . 

Now, we can expand the quantum field hab using the solutions found in Sec. [IV] as follows: 



h.4.) = E5:47'«r^ 



(TT) jT{0;2la) , 



X) 



=2 a 



/ , / , ^mla ^ab 



(ri)p,(l;mfc), 



EE 



(T2)p(2;m£a) 
"-mea ^ab 



=2 a 



= 1 cr 



+E 

m=0 

00 

+EE Hf sr'(-) +4f sr'(x)] +h.c. 



(:c) 



Let us denote the symplectic product among these solutions as follows: 

Mf^^ = iE^^-'^''^\E^''-'^'%y,^p, A,B = 1,2, m = 0,l, £ > 2, 

JVf(Gl;m) _ (^(2;m/=l,<x)^^(2;m,^=l,a))^^^^^ m = 0, 1, 



^(5) ^ ^^(A;M^5{B;M) 



symp ; /I , iJ i , Z . 



(5.10) 



(5.11) 
(5.12) 
(5.13) 
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[It turns out that these matrix elements are independent of £ and a. We have already seen 
that (i7(°'2^'^),i7(°'2^''^'))symp = 5^^'5'"'' ] In Appendix [H we show that 5^^^''^ are orthogonal 
to the solutions E^^ '"^ " with respect to the symplectic product f l5.8p . Then it is not difficult 
to show that the equal-time commutation relations f l5.5p and f l5.6p imply 



(TT) (TT)\ 

\(T2) (T2)t' 
"mlcr? "m'lcr' 

(TA) (TB)\ 
' (SA) {SB)\ 






(5.14) 
(5.15) 
(5.16) 
(5.17) 



(See, e.g. Ref. [25|.) Then the Wightman two-point function for the Bunch-Davies vacuum 
can be given as follows: 



{Q\hab{x)ha'b'{x')\Q) = Aaba'b'{x,x') 

~ ^aba'b' [X,X ) + A ^j^^, f^, [X , X ) + A^^^,^,(X, X ), 

where A^f^J^/{x,x') is the physical two-point function discussed in Sec. IIIII and where 



(5.18) 



'-^aba'b'y-^-'-^ 



^^(M(«i-))-i?f-'^--)(x)i?l?r-^-)(a:0 



m=0 (T 

1 oo 



^aba'b'\^^^ 



m=0 £=2 a 

oo 

EE(^^'^)AB^lf^^(-)^S"^(-o. 



(5.19) 
(5.20) 



=0 o- 



Here, the summation over A and i? is understood. Thus, all we need to do is find the matrix 
elements of the symplectic product defined by Eqs. (I5.1ip -( [5TT3|) . 

First, we compute MJ^g™ for ^ > 2 and M^^^'"^^ and find AJ^J,^, (x, x') defined by 
Eq. (I5.19p . Let us define the invariant and gauge-fixing parts of the symplectic product 
as follows: 



{h^'\h^ 



2)^ 



■I / dLa{h^l 
Jt. 



) {2)abc (l)a6c,{2) 



P 



Pi 



inv be J ' 



ih^'\h^-%, = -^ dE^ihi^p^r'-pT'hfj) 



(5.21) 
(5.22) 



It is well known that if h^' = VaAl''> + VbAr for some Ar , k = 1,2, then (/i(i), /i^^)).^^ = o 
(see, e.g. Ref. [2^). Now, the solutions i?^^'"* are of this form for m = 0, 1 and are 
divergence-free and traceless. This implies that p'i'^ = for these solutions and hence 



j^(G;m) _ /^(l;m£o-) j^{l;mea)\ 



inv = o, e>2. 



(5.23) 
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Next we examine M22 ■ We write Eq. f l4.29p as 

where 

^(m2;™m _ v,A[^''"'") + VfeA^^'-"^^^), (5.25) 

with 1^^ = aM^ - 6 [see Eq. f lOOj) ]. We have 

(^(MVM, ^(AfV^V))^^^^ ^ (-l)™+^M25w5«'5..' (5.26) 

for m, m' = 0,1 from Eq. (I2.24p because the symplectic product (15. 8 p is half the Klein- 
Gordon inner product (I2.23P for these solutions. The symplectic product for the modes 

^ab '™ '^ ^^^ ^^ found as follows. First, since these are of pure-gauge form, we have 

^j^(M^;mea)^ K(M';m'i'.')y^^^ ^ g. (5.27) 

Hence 

^^(Af^n^M^ if (^'^"^''''^'))symp = (if^^^'^™^'^), K^''"-'"''''-'^),,. (5.28) 



symp 
ab 



For h„h = K„, '*" " we find 



Using this equation and the equality 

A^VcA'" - A'^VeA" = Ve(A'M'= - AM"^) if VcA" = VcA"= = 0, (5.30) 

and the generalized Stokes theorem, we obtain 

= {-irM^6mn.'See'S.a'. (5.31) 

Eq. (I5.26P and this equation together with the fact that there are no cross terms |25|, i.e. 

^j^(M^;mea)^ffiM^;m'i'a')^ ^ g, imply 

M2?'"^ = 0. (5.32) 

Finally, Eq. (I5.3ip and the fact that there are no cross terms lead to 

Mi^''"^ = M^^''""^ = {-l^. (5.33) 

The first line of Eq. (15.310 is valid for £ = 1 as well, but in this case HJ^^^ ''"' ~ '"^ = in 
Eq. dOH). Hence we find, noting Eq. f lOU]) . 

JVf(Gl;H _ r_^^m jj^ f^+^ ^ (-!)-«. (5.34) 
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Clearly the inverse of the matrix Mj^^ is itself, and (M*^'^^'™')) ^ = (— l)'"a; ^. Hence, 
from Eq. fl5.19p we find 



m=0 u 

1 oo 



ir'^--)(x)Ei5r'^--)(xo 



+ E E E(-i)'" ^ir'^^(^)^i?r^^(^o + ^ir'^^(^)^ir^^(^o 



m=0 £=2 o- 

Now we define the vector two-point function with squared mass /i^ as 

1 oo 



{V-,i?), ,. 



m=0 i=l a 



{fi'^;mla) 



X' 



(5.35) 



Let us also write 



and define 



(/i^ + 6)-i Y. E(-i)™^'^«'''™''^''''^(^)^i'''"''^''"^(^' 



m=0 cr 



1 oo 



+EEE(-i)'"'''^i''^™'^^(^)^i''"'^^(^'). 



m=0 £=2 a 



^^^'ix,^) 



d 



(9/i 



2^11'"^^-^') 



1 oo 



m=0 ^=2 cr 



9M2' 



'a'fe' 



M2=0 



Then, by Eqs. (|12HD, ( H^29D and ( 12:251) we find 



(5.36) 



(5.37) 



(5.38) 



^afea'fe'l^'^ J 



-2a lim 

Af2^-6 



V(.V|„,|A[;;(^^- )(x,x') + V(.V|.|A[^;(^)'^ \x\x) 



b)a 



+2VlaUb)a'b'{x,x') + 2V{a'Ub')ab{x',X 



(5.39) 



We have used 



lim (/i^ + 6)-V(,4f^'"'^=^''^)-- 



dfj. 



2V(.A 



(/i-^;m,£=l,(T) 



(5.40) 



At2=-6 



which is true because V(a^|,r ''"' ~ '"^ = 0. Thus, A^J,^, is of pure-gauge form, i.e. is 
equivalent to in linearized gravity. 

Next, we find the matrix M^^ for the solutions 5*^^ ' '^ , A = 1, 2, given by Eqs. (I4.16P and 
(I4.17P and use it to find A\ij^,^,{x,x') defined by Eq. (I5.20p . We first express the symplectic 
product of two solutions 



'Sl?=V„Vfei?('=)+^,feVl/W, A; = 1,2, 



(5.41) 
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in terms of the Klein- Gordon inner product (12. 7p . Let us write the conjugate momentum 



current for the solutions 5^^ as 



^{k)abc _ JB,k)abc {•^,k)abc (k)abc 

P — Pirn "T Pinw "T Pa ' 



(5.42) 



where p 

(k)abc 



{B,k)abc 



and p^ 



{^,k)abc 



are the contribution of V^Vc-B'''^^ and gi,c^^^\ respectively, to 



{k)abc 



Pmv '^ defined by Eq. (15. 2p . The tensor p J"" " is defined by Eq. (15. 3p . As noted after 
Eq. ([E22D, we have 



rfS. 



V.V,5(i)pJf/)'^'"= - pLt''^'^"^ V,V,5(2) 



0. 



(5.43) 



Hence, 



(^«,^(2)- 



symp 



-% I dT^a 



V.V.Ed) (pS*/)'^^^ +p(f''^) - {p^f'''^ + p^^^^'^)V,V^B^'^ 



dT,„ 



g,^<ijWp(^)^^--pWabcg^^<ij(^) 



By straightforward calculations we find 



(^,k)abc , (k)abc 

pL +pli 



/3^ 



g^^pik)abc ^ _ va^W_3Va^(fc)_ 



(5.44) 

(5.45) 
(5.46) 



By substituting these equations into Eq. (15.441) and using the field equation (14.91) satisfied 
by 5W and 5(2), we find 



(5(1)^5(2)) 



symp 



3 {{B^'\^^'%G + (^«, i?(^))KG) + (« - 3)(vl/(i), v^(2))kg. 



(5.47) 



Note that {B^^\'^'^^^)kg, (^(^), 5(2))kg and (^(^), ^(2))kg are not conserved individually 
though (S'(^), S'(2))symp is. The symplectic product for the solutions S*^^' , A = 1,2, given 
by (gTU-dHlD is then 



riS) 



riS) 



iS) 



Ml^' = 0, Ml^' = 3, M^2 = tt - 3 



We have used 

) 



itM^M) ^_^(m';^^)^j^^ _^ /^^(m';M 



^9/^2 



M) 



r(S) 



KG 



(S) 



dfj.'^ 



M) At^^MY 



KG 



(5.48) 
(5.49) 



in computing M22 ■ The inverse of the matrix M\^ is given by 



(M(^))r/ = i(3-«), (M(^))r2^ = l, (M(^))22^ = 0. (5.50) 

Hence, defining the two-point function for the scalar field with mass ^ and its yU^-derivative 
as 



A„2(a;,x') 



A«(a:,a:') 



^^0(^''^'^)(a;)</)(^';M(a;'), 

1=0 a 

d 
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A„2(x, x'l 



(5.51) 
(5.52) 



and substituting Eq. f l5.50p into Eq. (15. 20 p . we find 



+ o {Oab'^a'^^b' + ga't'^aSb) ^3l3{x, x'). (5.53) 



This is clearly of pure-gauge form and generalizes the result obtained in Ref. [27|, where 

^aba'b'i^^^') f°^ ^^^ cases with (a — 3)f3 = 4 was found. 

Thus, we have shown that the two-point function Aata'b' {x, x') in the covariant gauge given 
by Eq. (I5.18P is equivalent to A^^^f^, (x, x') in linearized gravity because A|jJ,jj,(x,x') and 

^aba'b'i^^^') givGu by Eqs. (15.391) and (I5.53P are of pure-gauge form. Notice that the a — )■ 
limit of Aaba'b'{x,x') is well defined and de Sitter covariant unless 3/3 = —k{k + 3), where 
fc is a non-negative integer. (In the a — )■ limit the gauge condition V^hab — ^4^Va/i = 
is strictly enforced on hab-) Thus, we disagree with the authors of Ref. |[6|], who claim that 
de Sitter invar iance is broken in the case a = and /3 = — 2. 

Finally, we write A|j^^f^7 + Aa^^ly in a covariant form. We first define A^^^,j^, (x,x') to 
be twice the two-point function for the transverse-traceless symmetric tensor field with mass 
M 7^ satisfying, 

[D. - (2 + M^)] Ai™')(x,x') = 0. (5.54) 

It can be given in the mode-sum form as 

2 oo 



Ai™^)(-,-o = 2 j: j:$:(i7(-^--\i7(-^--))-ifr^"^"^(-)i^r^"^^'^^(^ 



m=0 1=2 a 

oo 



EE<'"V)^i""°'(-') 



1 oo 



^EEE(-l)"^"^^ir^'""^(-)^S'"^^(-'). (5.55) 



M2 

m=0 e.=2 (J 

Then we find from Eq. (I5.35P and the definition E)J^ " = -f^^b™ '^ for m = 0, 1 [see 
Eq. (USED] 

aK^(^,^') + AiS'.'(^,^') = ^Zai'i^,^') + ^ZU^,^'), (5.56) 

where 

AilJU^.^O = J^F^.lL, k^Ai™^)(x,x')l , (5.57) 



A/2-^O (9M2 



.(V) 



(y;(l)/.2). A , ^, ^, .{V;{lW)., 



Al'.'(^,^') = -2« lim^ V(.V|.,|A^;;^^^'^^(x,x') + V(.V|,,|A^r;^^^'^^(x',x) .(5.5 



b)b' y^,^ J \ V (^a V ib'i^j)^/ 

These expressions will be used in Appendix O to compare the two-point function found here 
and the corresponding result in the Euclidean approach |7|. 

VI. SUMMARY 

In this paper we investigated the relationship between the covariant graviton Wight- 
man two-point function and the physical transverse-traceless and synchronous one in global 
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coordinates. We defined two Wightman graviton two-point functions, A)^^^,^,, (x,a;') and 

A)j^^,^,(x, x'), to be pliysically equivalent in linearized gravity if they differ by a bi-tensor of 
tlie form V [aQh)a'b'{x,x') + V (^a'Q\ab\h'){.x,x') and showed that the covariant two-point func- 
tion is physically equivalent to the physical two-point function in global coordinates. Our 
result is perhaps not surprising, but since there has been much controversy over infrared 
properties of graviton two-point functions, we believe that it is a worthwhile addition to the 
body of knowledge about gravitational perturbation in de Sitter spacetime. 
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Appendix A: Explicit solutions to free-field equations 

In this appendix we give the solutions to free-field equations discussed in Sec. HTl explicitly, 
following Ref. [l3| . The scalar solutions are 

^(M^;M = iVi^,(cosht)-ip^(5^)(zsinht)y(°^'^), (Al) 

where iV^g^ is defined by 

Nl,, = -^ [r(£ - Lo)r(£ + Lo + 3)]'/' . (A2) 

The transverse vector solutions Aa '"^ '^ are 

Af^-) = N,,,Vl^:l\^.u.M)Yr\ (A4) 



where 



V/i^ + QNl^i if £ = 1, 



and 



(A6) 



Af''""^ = -^=^^=fe===f|: + tanhtVLf+'i'H^sinht)V.F(°^'^). 

(A7) 
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Finally, the transverse-traceless symmetric tensor solutions are 



H, 



H. 



{M^;2ea) 



0, 



V 



V2NL,e cosh t P^l%'^ (z sinh t)Ylf''> , 



.(2£o-) 



(A8) 
(A9) 



-nnn — U, 






{M'^;Ua) 



= -t^/{i-l){i + 3)NL,eicosh t) -^PZf+Y^ (^ sinh t)F/"'^) , 






cosh t ( — + 2 tanh t j P^^+t^^ (^ sinh t) 



x(v,y/''^^ + v,yr'^0 



and 



^(M^;OM ^ _,Ar^^^(eosht)-^PZ(tY^(^sinht)y(°^ 



^(M-O..) ^ ^^, 



. ^^, (cosht)-^ ^ 9_ ^ ^^^j^ ^ >j p_(,^+i) ^^ ^.^j^ i) v.r (°^'^) , 



L2^" 



4"'°"^ = -^^.. { 



+ 2) \dt 
3 

2(£ -!)(£ + 3) 



(AlO) 
(All) 



(A12) 

(A13) 
(A14) 



cosht f d . \ f d 

— + 2tanht j ( — + tanht 



p-;tY)(.sinht) 



v.v, 



i{i + 2) \dt 

i{i + 2) . ■ 

O V^j 



3 cosh t 



y(Ofo) 



+ 



3 cosh t 



^ ■mJPZ\'\^sinht)Y('''^A, 



where 



N'L^i 



lAii-mi+m+^^^^^_ 



3(L2 + l)(L2 + 2) 



To show Eq. fl2.25p we used the associated Legendre equation, 

P^^\+^^(isinht) = 0, 



— + tanht- + ^ ^/ - L + 1 L + 2 
dt^ dt cosh^t 



(A15) 



(A16) 



(A17) 



and the lowering and raising differential operators for the associated Legendre functions, 

P^J+'^(zsinht) = i(L-^)p-(^+'^(isinht), (A18) 

P^^^+^^(zsinht) = -i(L + ^ + 2)P^|^+^^(isinht). (A19) 



cosht 
cosht 



d 
di 
'd_ 
dt 



- (L + l)tanht 
+ (L + l)tanht 



Appendix B: Orthogonality of scalar- type and tensor- vector- type solutions 

In this appendix we show that the symplectic product vanishes between a scalar-type 
solution /i)j^ = 5*^^ ' '^ given by Eqs. (14.161) and (14.171) and any vector-tensor-type solution 
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hab satisfying VaV^/i"'' = and h = h'^c = 0. This result implies that the scalar and 
tensor-vector sectors can be treated separately as we did. 

(S) 

We consider the symplectic product between a scalar-type solution hl^j^' = VaVfc-B + f^afe^, 
with B and \l/ satisfying Eqs. fl4.9p and fl4.10p . and the complex conjugate of a vector-tensor- 
type solution hab'- 

(h, h'^%yrnp = I j dJ^aX^h, h'^'^), (Bl) 

where 

X^ih, /i^^)) = hbcp''^^''^' - P^^'hfJ, (B2) 

and where S is a Cauchy surface, e.g. a t = constant hypersurface. The conjugate momentum 
current p"'^'^ here is given by Eq. (15. ip with the conditions VaVfo/i"^ = and h = imposed. 
The contribution to pf^^ defined by Eq. (15. 2p from the part VaVb-B in h^^^ can be found as 

+T [^"^V"(n + 6)B + g'^'V^D + 6)5] . (B3) 

(S) 

The conjugate momentum current for the scalar- type solution /i^^^ is 

„{S)abc _ JB)abc mabc {S)abc ,^ . x 

P — Pirn ^ Pinv ^ Pgi ; l-°^J 

where ^1^^ ^ is the contribution to Pj^j" ^ from VaVfe\l'. We have 

pS"'"=+Pr'"^ = -^V'^^ (B5) 

[see Eq. (I5.45p ]. Then we find after a tedious but straightforward calculation 
X"(/i,/i(^)) = --hbcV''V^V^B + -h^^VbiO + 6)B 

A^-h'"'VbVcB + ( - - 1 j Vch'^V^VbB 

1 - '-^) W^DB + ^^-%^-\ bh^^^. (B6) 

2 ap J ap 

To show that J^^ dT.aX°'{h, h^^^) = we first note that 

X^'ih, /i(-^)) = r"(/i, /i(^)) + VbF(l)'*^ (B7) 

where 

pil)ab ^ _1 ^^bcyay^-g _ j^acyby^-g^^ ^ ]_ ^^a^bcy ^-g _ ^b^acy ^g^ ^ ^gg^ 

and, with the definition C" = Vbh""^-, 



+ 



la \ 2, la 



VbB 



>-(V^^V^. (B9) 

ap 
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We have used the field equation fl4.3p to solve for dhab- Since F^^^'^^ is an anti-symmetric 
tensor, we have 

f (maVbF^^^"^ = (BIO) 

by the generalized Stokes theorem. Hence 

(h,h^'%yn.p = t j dT.aY'^ihM'^)- (Bll) 

Next we find 

y"(/i, /i(^)) = VbF(2)"^ - i-C" {(D - ?>f5)B + [4 - (« - 3)/3] ^} , (B12) 

ap 

where 

p{2)ab _ / 1 _ 1 ) (ci>^a^ _ CV^B) + —BiV^C - VCh (B13) 

\a 2/ 2a 

by using the equation 

Vbiy^C - VC^) = -QC (B14) 

[see Eq. K^ ]. Finally by Eq. (13]) and anti-symmetry of F^^)"*-, we find (h, /i(^))symp = 
from Eqs. (IBTT]) and (fej) . 

Appendix C: Comparison ^vith the Euclidean approach 

In this paper we found the covariant graviton two-point function using the mode-sum 
method. It can be written as 

A^ba'A^, x') = AiIJ),(x, x') + All,,(x, x') + ASi,,(x, x'), (CI) 

where A^j^,|,,, A^J,^, and A^J,^, are given by Eqs. (I5.57p . (I5.58P and (I5.53p . respectively. 
Now, this two-point function can also be found in the Euclidean approach. In this approach 
Aaba'h'{x,x') cau also be given as a sum of three parts: 

A,,.,,,(x,x') = GiS(x,x') + Giri,(x,x') +G2,,,(a:,x'). (C2) 

(See, e.g. Refs. [7|, |2l|. Our graviton two-point functions are twice those of Ref. [2l|.) The 
function G\f^^,l,{x,x') is transverse-traceless and G)^^,^, (x, x') is a symmetric derivative in 
each of the sets of indices (ab) and {a'b') of a vector two-point function like A^J,j,,(x,x') in 
the mode-sum case. However, these functions are not equal to A)j^^,^,(x, x') and A^^j,^,(x, x'), 
respectively. We also find that the scalar part in the Euclidean approach, G^^^,f,,(x, x'), given 
in Ref. [7(] is different from A^^^,^,(x, x'). In this appendix we verify that Eqs. (ICip and (lC2p 
give the same two-point function for spacelike-separated points x and x' in spite of these 
differences. 

Let us describe the difference between A^^^,^, given by Eq. (I5.53P and the scalar part 

^aba'b' i'^ ^^^ Euclidean approach. For spacelike-separated points x and x', the two-point 
function A^2(x,x') for scalar field in de Sitter spacetime is identical to the corresponding 
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Green's function on 5*^ as a function of the geodesic distance between x and x'. If we let 
ipi'^'^) (^x) , n = 0, 1, 2, . . ., be a complete set of orthonormal scalar modes on S^ satisfying 

[n + n(n + 3)]^("'^)(x) =0, n = 0,1,2,..., (C3) 

where z/ represents all labels other than n, and 



then one can readily see that the equation for the Green's function 

(-D, + /i^) A^2 (x, x') = 6{x, x') , (C5) 



where 



is uniquely solved by 



We define 



6{x,x') = ^^V^("^)(x)V^('^'^)(x'), (C6) 



71=0 U 



v(-o^i:e^5«?. 



n=0 u 



n=l u ^ ' 



n=2 i/ ^ ' 

Then the scalar part in the Euclidean approach, G\J^iy{x,x'\ is given in Ref. (7| as 

-^ (VaVb - \gahn\ {^a'^V - ^ga'b'O'j AZ^{x, x'). (CIO) 

Hence, the Euclidean and mode-sum approaches will be consistent with each other if 

gZI'A^,^') = ^ZL'i^,^') - ^VaV,Va'V,,A^{x,x'), (Gil) 

gZI'U^.^') = ^ZI'A^,^') + I (vaV5 - \gabn^ (v,.Vfe. - \ga'b'D'^ AZ,ix,x'). 

(G12) 
We will verify these relations in the rest of this appendix. 



To show Eq. (1G11|) we first need to define the Green's function G)^J^ {x,x') for the 



transverse vector field with mass /i^ in the Euclidean approach. Let Va (x), n = 1, 2, . . ., 
form a complete orthonormal set of transverse solutions to the eigenvalue equation on S"^, 

^b^^^yinu) _ v,i/(-)) = (^ + i)(^ + 2)V^^''\ n = 1, 2, . . . , (C13) 
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satisfying V"K = and 



d5 Vi""^(x)\/("'"')'^(x) = ,5™'^--'. 



54 



Then, we define the transverse Green's function for the operator 
by 



G^lr'Hx.x' 



9s °° V^'^'^U T^V^'^'^h ^'\ 

n=l u ' 

This Green's function satisfies 



^^^ (n + l)(n + 2)+/i2 

n=l 1/ ^ ' ^ ' 



where 



(nu)^^n 



(C14) 

(C15) 
(C16) 

(C17) 
(C18) 



€hx,x') = j2Y.^l'''^(^)^l^ 

n=l V 

On the other hand, the Euchdean Green's function A^^/'^ (x, x') that becomes the Feynman 
propagator and hence the Wightman two-point function for spacehke-separate points after 
appropriate analytic continuation satisfies [21 



LZ^'b^Z/\x,x')=b^,{x,x'\ 



(C19) 



where 



.„.(.,.-) ^e'(.,.-).EE ^°"!°r'" 



n=l V 



n{n + 3) 



AV) 



= SZ/{x,x')+VaVa'A^{x,x'). 

The two-point function Aq{x,x') is defined by Eq. (IGSp . By noting that 



we readily find j21l 



^(v-y). 



AV) 



G^f 'i^,^') = KJix,x') - -V^Va'A,{x,x') 



^ 



(C20) 
(C21) 

(C22) 



The vector part of the propagator in the Euclidean approach is [Tl, l2ll | 

00 
GZU^,x')=4aJ2Y. 



71 = 2 u 



[{n + l){n + 2)-Qf 



(C23) 



Note that there is no contribution from the vectors Va ''^ because they are Killing vectors 
on S*^. Using the definition (IG16p . we find 



y{V) 



^L'6'(2^.^') = -2a lim 



d_ 
6 d/j,'^ 



V(aV|,,|G[[/)(x,x') + V(,V|,,|G[[/Ha;,a;') . (C24) 
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[Notice the similarity of this equation with Eq. fl5.58p .] From Eq. (1C22|) we readily find 

Eq. dcn]). 

Next we show Eq. (IC12D . The transverse-traceless part of the two-point function in the 
Euclidean approach is [2l| 



hlT'MK'Z'M 



n=2 1/ ^ ' 

where K^'^ (x) form a complete orthonormal set of transverse-traceless eigenfunctions sat- 
isfying 

= n(n + 3)Klr\ (C26) 

and 



/ 



dSK^2 {x)K^'''^>\x) = (5""'^'''^'. (C27) 



It is convenient to define the massive Green's function G^ba'fe' ix,x') by 

AM^)cd^(TT;M^)^ ,x ^ . (mv)cd^(TT;M2) . ,x 

-^ab ^cda'b' K-^i-^ ) — -^ab ^ cda'b' \-^y^) 



1 



-(-n + 2 + M^)Gi-r^(x,x') 
= <^S(^,^'), (C28) 

where La^^ is defined by Eq. (13. 2p . The transverse-traceless delta- function is 



^bl'li^,^') = EE^ir^(^)^l'^'^(^'). (C29) 



n=2 V 



We clearly have 



and 






n=2 u 



n{n + 3) + M2 



gS(x,x') = hmGZ:,-f\x,x'), (C31) 

For spacelike- separated points x and x' the Lorentzian tensor two-point function 
'^aba'l' i^^x') equals the Green's function on S^ satisfying the same equation as 

(n~"T~'. j\/T'2\ 

^aba'b' (^5 ^')) i-^- the first line of Eq. (1C28|) . but with the transverse-traceless delta- function 



^aba'b'i^^^') replaced by the full delta-function given by [2l| 

Saba'b'ix, x') = 6^JJi{x, x') + ^IV^ (x, x') + ^l^^, (x, x'), (C32) 
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where 



^Zl'k^^^') = ^Y^ 



r{na) 



(na) , 



n=2 V 

and, with the definition A^ = nin + 3), 



(n + l)(n + 2) -6 



(C33) 



^Zll'^^^A = mi] 



n=1 V 



3An(A„-4) 



V.V, + ^g2\ V^("^n^) (Va'V,, + ^ga',^ ^^-^\x') 



^ oo 



n=0 V 



One can find A|j^^,^, in the form 

^afea'fe' (a^, a; ) = ^aba'b' [X,X ) + (j aba'l' [x,X ) + (j ^ba'^' (^) ^ )) 



where 



By noting that 



^ab ^cda'b'K-^-:-^ I ~ ^ aba' b' \-^ ^ -^ ) i 

^ab ^cda'b'K-^-:-^ ) — "afea'b' l"*-, J- j. 






one can readily solve Eq. flC36P as 



-,(TV;M'^) 



(TV) 



^aba'b' \.X,X ) — j^2^aba'b'\-^^-^ ) 



— ^ lim 

M2 ^2^-6 



'■fe)fr 



{V;/.2) , 



V(,V|,.|G'^;r '{x,x') + V(,V|,.|G^r/ ^(x,x' 



V^aVla'A^^f\x,x')+V(aVlt'A^^f\x,x') 



3M2 



V,VfcV„.Vfc.A^(x,x') 



To find G^jfe^/^/ (x,x') we first observe 



L,,(*^')^'^VeV,V^("'^) = ^V.VfeV^^"") + ^A„(7,bV^ 



(ni^) 



Lab^'^'^^'gcd^^'"'^ = -V.Vfe^^'^^) - (A„ - 3 + |M2) ^,,^("-). 



(C34) 



(C35) 

(C36) 
(C37) 

(C38) 



(C39) 



(C40) 
(C41) 



The function G^j^^j/J,/ (x, x') can be found as the inverse of the operator Lab for the 
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modes ^aftV'^""^ and (V^Vfe + ^^afc)^^""^ as 



^aba'b' \-^->-^ ) 






+ 



1 



n=1 V 



\M^Xn (2-M2)(A„-4) 



A. 



A. 



1 



3M2(2-M2) 



X 



EE 

n=2 V 

oo 

+EE 

n=0 ;^ 



A. 



^aftV'^""^^;) ( V.^V,. + -^ga'A ^^^^\x') + ga'yi^^^-\x') ( V,V, + ^(7., ) ^("^Ha;) 



A. 



-A„ + 2M2 
12M2(2-M2) 



^a6(7a'6'V^("'^na;)V^("'^Ha;')- 



(C42) 



Some terms on the right-hand side have support only for x = x' on S^. For example, 

n + 2M2 



^ ^ _^!L±^^(-) (a;)^(-) (a;') 



-(5(x, x'). 



(C43) 



Thus, for X 7^ x' on S"^, or for spacelike-separated points x and x' in de Sitter spacetime, we 
have 

Gllf\x.^) = -^V.V,V..V,.Ao-(x,x') 

(C44) 

where we have used the fact that nA(^(x, x') is a constant [7|. By substituting this equation 
and Eq. (IC39ll into Eq. (!C35l) we find 

^{TT;M'^), /N _ ^(TT;Af2). ,. 

^aba'b' l"^' ^ / ^aba'b' l^' -^ / 

^ - [V(.Vi.,iA[;;'^')(x,x') + V(.Vi,.|A[;;f')(x,x') 



M2 ^2^-6 L 



("V.V, - ^(^afen") ha'^^b' - \ga'b'D'\ AZ^{x, x'). (C45) 



3(2 -M2) 
where G^^;'^ (x,x') is defined by Eq. (1016^ . Then, noting that 

,(V;m2) 



iim j a1™^)(x,x') - ^ jim^ [V(.V|.,|Ai;r^(x,x') + V(.V|.|Ai;r^(x,x' 



,(V';M')r^ ^M 



^^i/if'">(x)i/i?i?'"'(x') 



=2 cr 



1 



1 OO 



A,.f^n A/f2 .il^ .sL^.:!^^ ^ 






m=0 ^=2 (T 



^ab yXjJ^a'b' 



X') - H['r'^\x)H;;-;;r'''\x') 



ab 



(C46) 
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and using Eq. f l5.57p . we indeed find Eq. ( 1C12p . 
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